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Abstract 

If quantum gravity respects the principles of quantum mechanics, suitably generalized, 
it may be that a more viable approach to the theory is through identifying the relevant 
quantum structures rather than by quantizing classical spacetime. This viewpoint is sup¬ 
ported by difficulties of such quantization, and by the apparent lack of a fundamental role 
for locality. In hnite or discrete quantum systems, important structure is provided by 
tensor factorizations of the Hilbert space. However, even in local quantum held theory 
properties of the generic type HI von Neumann algebras and of long range gauge helds 
indicate that factorization of the Hilbert space is problematic. Instead it is better to focus 
on the structure of the algebra of observables, and in particular on its subalgebras corre¬ 
sponding to regions. This paper suggests that study of analogous algebraic structure in 
gravity gives an important perspective on the nature of the quantum theory. Signihcant 
departures from the subalgebra structure of local quantum held theory are found, working 
in the correspondence limit of long-distances/low-energies. Particularly, there are obstacles 
to identifying commuting algebras of localized operators. In addition to suggesting impor¬ 
tant properties of the algebraic structure, this and related observations pose challenges to 
proposals of a fundamental role for entanglement. 
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1. Introduction 


Physics currently faces a foundational crisis, encountered when we attempt to under¬ 
stand gravitational phenomena: the principles of quantum mechanics, the principles of 
relativity, and the principle of locality are in basic conflict. This is particularly sharply 
revealed by study of black hole evolution, which has no consistent description respecting 
these basic principles. 

With these general principles in conflict, a central question becomes what to trust. 
Quantum mechanics has a theoretically rigid structure, forbidding many possible patholo¬ 
gies, and experience has shown it is hard to modify without introducing these pathologies. 
This, together with its many experimental tests, suggests that it may be a cornerstone 
of physics, at least when sufficiently generalized to accommodate the possible lack of a 
fundamental role for space and time. 

Lorentz invariance is also well-tested and hard to modify, suggesting a possible fun¬ 
damental role for it when describing states corresponding to flat or nearly-flat spacetime. 

On the other hand, locality is difficult to even carefully formulate in a quantum theory 
of gravity. This is associated with the lack of a precise role for classical spacetime, and 
in turn indicates that the local invariance (general covariance) is also likely subject to 
modihcation, since diffeomorphisms assume local manifold structure. 

A possible primacy of quantum mechanics over spacetime suggests that spacetime 
should emerge, in an approximation, from structures that are intrinsically quantum- 
mechanical. If this is the case, this also suggests that one should take a different approach 
than the program of starting with a classical description of spacetime, via general relativ¬ 
ity, and attempting to quantize it. Plausibly quantum mechanics plays a fundamental role 
in physics, and spacetime, locality, and the equivalence principle emerge as approximations 
to more basic quantum structures. 

What kind of additional structure can a quantum-mechanical theory have, beyond 
the existence of a Hilbert space? For hnite quantum systems relevant to physics, or those 
that are “locally hnite,” with hnite density of degrees of freedom, such as on a lattice, 
one typically has in addition a tensor factor structure, which gives a quantum notion of 
“locality.” However, in the case of local quantum held theory (LQFT), as we will review, 
such tensor factor structures cannot be precisely dehned. Instead, a more fundamental 
role is played by the algebraic structure of the operators acting on the Hilbert space|l[]. 
In particular, in LQFT, subalgebras of the observables may be associated to regions of 
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spacetime, and the resulting subalgebra structure mirrors the topology of the spacetime 
manifold. 

Such a “quantum mechanics hrst” approach, together with the need for a theory of 
quantum gravity to be approximated by LQFT, in the low-energy/long-distance limit, 
suggests that we should likewise focus on algebraic structure in seeking a fundamental 
theory of gravity. This, combined with important aspects of the long-distance behavior of 
quantum gravity, and in particular properties of black holes and cosmology, and constraints 
from the S-matrix, likely provides important constraints on and clues toward the basic 
theory. 

This paper will focus on an initial investigation of the idea of approaching quantum 
gravity from such an algebraic perspective, and on a possible role for such a “quantum 
emergent geometry.” The next section will give a brief overview of the Hilbert space struc¬ 
ture and algebraic structure of LQFT, in particular discussing the problems with tensor 
factorizations. 

Section three then turns to algebraic aspects of quantum gravity, introducing essential 
postulates and beginning an investigation of the structure of the relevant operator algebra. 
Properties of this algebra can be inferred based on an assumption of “correspondence,” 
namely that the fundamental theory matches onto an effective theory description given by 
general relativity in the long-distance/low-energy limit. Even this amount of information 
reveals novel algebraic structure, departing from the local algebraic structures of LQFT. 
Specihcally, gravitationally-dressed, diffeomorphism-invariant operators fail to commute 
at spacelike separations. This signihcantly differs from the algebraic structure of LQFT 
since one no longer hnds commuting subalgebras associated with spacetime regions. It also 
provides additional justihcation for the locality bounds of p,|^, parameterizing breakdown 
of LQFT. Section three then discusses other aspects of structure, namely symmetries and 
evolution, and extra structure, such as the S-matrix, relevant to asymptotically-Minkowski 
states. It also discusses a possible connection to the question of unitarization of black hole 
evolution, and comments both on the challenges to a fundamental role for entanglement, 
and in particular to the idea that spacetime emerges from entanglement. Section four 
discusses how algebraic structure could be a pertinent focal point for the AdS/CFT cor¬ 
respondence, if this correspondence can ultimately be shown to reproduce the details of 
quantum gravity in anti de Sitter space. Section hve closes with conclusions. 
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2. Synopsis: algebraic structure of local quantum field theory 

To gain understanding of how one might formulate a a quantum theory in which 
spacetime emerges in an approximation, it is first useful to review how LQFT, in which an 
underlying spacetime structure is instead assumed as a foundational ingredient, is described 
in an intrinsically quantum-mechanical fashion. The reason is two-fold. First, such a 
description of LQFT serves as a possible model for the kind of structure we require in 
a more general theory. Second, one expects that a more fundamental quantum theory 
of gravity should match onto the LQFT description in a correspondence limit, where one 
considers, e.g., low energies and weak gravitational fields. As we will describe in this 
section, an appropriate quantum description of LQFT is provided by Algebraic Quantum 
Field Theory, also known as Local Quantum Physics.0 Local Quantum Physics nicely 
describes both the quantum-mechanical properties of LQFT, and their interrelation with 
the locality structure of spacetime. 

A well-known “folk theorem” holds that the assumptions of locality, Poincare invari¬ 
ance, and quantum mechanics imply the basic structure of LQFT. Specifically, the Local 
Quantum Physics approach begins with a notion of an underlying classical spacetime man¬ 
ifold, commonly Minkowski space. It moreover assumes the standard quantum structures 
of a Hilbert space l-i, and observables which are self-adjoint operators acting on 'H. The 
Poincare group describes the symmetries of Minkowski space, and as discussed by Wigner, 
these symmetries (and any internal symmetries) are implemented by a “ray representation” 
of the relevant groups. Additional assumptions are commonly made about the spectrum 
of the momentum operators specifically that this spectrum is restricted to the closed 
forward light cone, and commonly, that there exists a unique ground state. 

Locality itself is encoded in the algebra of observables, whose basic building blocks 
are the field operators. Specifically, the classical spacetime geometry can be divided up 
into subregions, and to each such subregion, one can associate an operator subalgebra, e.g. 
thought of as fields smeared with functions with support only in that subregion. Then, 
operators associated to subregions that are spacelike separated commute (or, for fermionic 
operators, anticommute). 

This net of subalgebras, with inclusions of subalgebras corresponding to smaller sub- 
regions, therefore mirrors the basic topology of the underlying manifold and the locality 

^ For a basic reference, see |jl|. 
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property of the LQFT on it. The underlying manifold can be reconstructed from this net 
of subalgebras. 

For hnite or locally hnite quantum systems, one often goes a step farther, and describes 
a factorization of the Hilbert space "H into corresponding tensor factors on which the 
different subalgebras act. Thus, these tensor factors also can be thought of as corresponding 
to subregions. In models for the structure of quantum gravity, such constructions have also 
been used, for example explicitly in discussions of black hole evolution, where the black 
hole and its surroundings might be thought of as separate tensor factors 

However, it turns out that such a tensor factor structure is problematic even in LQFT; 
as we will discuss, quantum gravity appears to present even greater challenges. 

In short, there are two problems with describing factorizations of 'H corresponding 
to subregions in LQFT: the hrst is the type-HI property, and the second is the existence 
of long-range gauge helds. One might hope to avoid these problems by introducing a 
regulator, such as the lattice, but we will return to problematic aspects of that momentarily. 

The type-HI property refers to classihcation of von Neumann algebras, where the 
algebras associated with LQFT always lead to type HI subfactors.i Type HI subalgebras 
do not yield tensor product factorizations of the Hilbert space. The basic problem can be 
illustrated by discussing two-dimensional Minkowski space in a Rindler description. If this 
has metric 

= —dt^ -t- dx"^ , (2.1) 

the two regions x > |t| and x < —|t| are complementary Rindler wedges, with which we 
could associate subalgebras of the held algebras of a LQFT on this space. The subalgebras 
correspond to operators acting on the left or right Rindler wedge. However, the Hilbert 
space does not correspondingly factorize. Formally, one can introduce states |a) and |d) 
that describe Rindler excitations of the Rindler vacua for the right or left Rindler wedge, 
respectively, and formally one can write the Minkowski vacuum in the form 

|0>M = n'5M|0>l'>> (2.2) 

^ For completeness: if the space of bounded operators on 'H can be written as a von Neumann 
algebra A together with its commutant, B{'H) = Ay A', then A is called a factor. A type III 
factor M is a factor such that for every projection E ^ A, there exists a W G A that maps ET-L 
isometrically onto R, in other words W*W = 1, WW* = E. For more details see [^. 
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where -S'(a;) is a unitary operator generating squeezed states[^ for modes of frequency 


U): 


S{ui) = exp |e(aj) (blbl - 


(2.3) 


with 


tanhz(a;) ^2.4) 

and (3 = 27r. Indeed, an even simpler model for such a state is given in the “qubit 
approximation!^, where one thinks of each Rindler mode as either occupied, |1), or 
unoccupied, |0), and a toy model for the Minkowski vacuum is 

|6)|o) + |i)|i)' 


|0)m = 


2—1 


^/2 


(2.5) 


where the index i labels the different modes. The problem is the inhnite entanglement 


manifest in the expressions ( p.2|) , (|2.5|) : unentangled states of the form \ip)\'4’) are not 
in the Hilbert space; they have inhnite excitation, and, for example, if one introduces a 
typical held theory Hamiltonian, they have inhnite energy due to the inhnite amount of 
“broken” entanglement. This means there is no well-dehned factorization "H = <8 Hr- 

It has been shown that this type-HI behavior is the generic behavior of LQFT.@ 

The second problem is associated with long-range gauge helds. For example, in a 
gauge theory such as quantum electrodynamics, it is impossible to create a charged particle 
without creating its long-range held. So, if we for example consider dividing a region 
of space into two subregions, generic excitations of charged particles in one of the two 
subregions will have an ehect on the other subregion: held lines cross the boundary between 
the subregions. One approach to this problem is to introduce additional, charged, degrees 
of freedom on the boundary between the subregions |]T^, which e.g. can ehectively “screen” 
the charges. However, that changes the basic content of the theory. One may impose 
additional conditions on these surface charges, roughly that those from the two sides cancel, 
but that reintroduces a non-trivial entanglement structure between the two subregions. 
Thus, one has no way to write the original Hilbert space as a tensor product H = 

ni®n2. 

Of course, a regulator that makes the number of degrees of freedom hnite seemingly 
has the potential to overcome the type-HI problem, and also simplihes the description of 
the decomposition of a Hilbert space for a gauge theory by introduction of surface charges. 
A specihc example is regulating by introducing a lattice.S A problem with such a lattice 


^ This may be obtained from 
infinite temperature limit, /3 —>■ 0. 

^ See [pdTj, and other references in 


by assuming that we are treating fermions, and taking the 


]. For related comments see |12|. 


For a discussion of factorization and entanglement in lattice gauge theory, see ||14|]. 
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or other regulator is that it generically badly breaks the symmetry, specihcally Lorentz 
invariance. This indicates that, e.g. in the Rindler case, one has truncated an inhnite 
number of the states of the theory that otherwise would be legitimate states (for example, 
highly-boosted particles, whose presence is implied by Lorentz invariance). The result 
of such a procedure shows up in divergent contributions to quantities like entanglement 
entropy, as the regulator is removed. 

Breaking the symmetry seems particularly problematic in the context of describing the 
evolution near a black hole horizon, where the dynamics naturally forces one to consider 
states with very large relative boosts, like those between infalling matter and outgoing 
modes that become Hawking radiation. Indeed, the assumption that such states that are 
“disentangled” at a cutoff scale such as the Planck scale can play a role in the dynam¬ 
ics leads to singular horizons []T^|5[| and is a signihcant part of the apparent misconcep¬ 
tions that lead to the proposal that physical black holes have such singular, or “hrewall,” 
behavior ||T^ , pr7| . 

In short, in LQFT there is apparently no natural way to decompose the Hilbert space 
into tensor factors, without drastically modifying the short-distance structure and symme¬ 
try of the theory, and this problem becomes even more acute in theories with gauge helds. 
This is particularly pertinent to discussions of entanglement, which have been popular 
in the recent literature. As we will describe further below, entanglement is most clearly 
dehned relative to a subsystem structure given by such a particular tensor factorization of 
the Hilbert space, and the absence of such a natural factorization structure appears to be 
a challenge to a fundamental role for such entanglement. 

The basic structure in which a physical system has different subsystems is particularly 
important in physics, and appears to be manifest in the physical world; degrees of free¬ 
dom here appear independent of those on Proxima Centauri. Moreover, such statistical 
independence of subsystems is central to discussions of measurement, where the world has 
for example subsystems corresponding to the physical system being measured, and the 
observer. But, this locality and independence of subsystems can fortunately be character¬ 
ized in terms of the algebraic structure we have noted,il where operators corresponding to 
different subsystems commute, and apparently doesn’t require tensor factorization of the 
Hilbert space. This is a rationale for focusing on this algebraic structure: the subalgebras 

® Often one wants to restrict to the algebras of bounded operators. 
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describe the centrally important snbsystem structure, and the net captures the topology 
of the spacetime. 

LQFT, via the Local Quantum Physics description, thus provides an example of a 
quantum theory with subsystem structure which matches well our observations of the 
locality of physics and also our need for independence of physical systems in order to de¬ 
scribe interactions in simple terms, and for a basic description of measurement. Moreover, 
as noted, this algebraic structure can be used to reconstruct the underlying spacetime 
manifold. This thus furnishes us with an example of the type of quantum structure needed 
to do physics; when we turn to gravity we do not however expect the quantum structure 
to be based on an underlying classical geometry, so this structure needs to be generalized. 


3. Algebraic approach to Quantum GravityB 


In confronting the puzzles of quantum gravity, we assume that the fundamental frame¬ 
work for physics is quantum mechanics, suitably generalized. In particular, since a priori 
introduction of space and time concepts is not necessarily warranted, one needs a general 
set of quantum postulates, such as those of universal quantum mechanics ||T^, which do 
not rely on assuming an underlying space, time, or notion of “histories!^.” Specihcally, 
we will assume the following postulates to begin to lay a quantum foundation for physics: 
Q1 Physical conhgurations will be described by rays of a Hilbert spacei "H. 

Q2 The space "H has an inner product, which is (anti)hnear under addition and multipli¬ 
cation; the product of two states is denoted (?/:'|^/^). 

A key question is what additional structure needs to be provided on "H, in order to 
describe physics. A critical ingredient for physics, generalizing locality, is that of statistical 
independence of different subsystems of a physical system, which is important for describing 
interaction, measurement, etc. In hnite or locally hnite quantum systems of interest to 
physics, a tensor product decomposition of H exhibits this statistical independence and is a 
usual prerequisite for describing interaction and measurement, as well as entanglement, etc. 
However, as discussed above, in LQFT, we do not expect such a product decomposition 
of "H to exist, due to the type-HI property and the existence of gauge helds, unless we 
introduce additional structure that does violence to the physics. Fortunately, the net of 

^ A natural temptation is to refer to the approach advocated in this paper as “Algebraic 
Quantum Gravity,” but this name is already taken by the different approach of [p^ . 

® Usually expected to be separable, e.g. to permit thermal ensembles. 
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operator algebras of the theory comes to the rescue, and describes the necessary structure 
to describe statistically independent, or local, subsystems. 

In treating gravity, let us assume that the basic long-distance/low-energy properties 
of the theory are indeed approximately well-described by general relativity, but that our 
job is to hnd a modihcation of the structure at short distances and high energies (thus, 
also long distances) so that we have a fully quantum-mechanical theory. This means that 
we can take as a key guide the correspondence of such a more basic theory with general 
relativity in the long-distance/low-energy limit. In that limit, gravity is of course described 
as a held theory with a gauge symmetry, that of diffeomorphism invariance. This suggests 
that, in introducing a structure such as that of statistically-independent subsystems, we 
encounter similar challenges as in LQFT, either due to the type-III behavior, or associated 
with long-range gauge helds. 

Gravity introduces further puzzles. First, we don’t expect there to be a notion of 
an underlying classical spacetime on which to “anchor” the net of operator algebras. A 
related problem regards locality. In a gauge theory such as QED, we can formulate local 
observables which have an effect only on a localized subsystem by considering action of the 
gauge invariant held strength of localized Wilson lines, or even of operators that create 
a particle-antiparticle pair together with a localized held conhguration: these operators, 
with no net charge, are not required to modify the asymptotic held. 

But a particle is inseparable from its gravitational held, and screening of gravity 
is problematic. Any localized excitation is expected to have some non-zero energy, and 
creation of such an excitation therefore modihes the long-range gravitational held. We can 
create a zero-energy operator by integrating a held operator, or product of held operators, 
over all spacetime, and might hope this avoids gravitational coupling (though this is not 
necessarily true, if gauge invariance is also required - see [^) - but then one is no longer 
considering a localized operator. 

Our general approach to a quantum description indicates we should focus on the 
algebra of observables, and look for interesting rehnement of the structure of this algebra 
that characterizes the physics. At long distances/low energies we expect these observables 
to approximate those of LQFT, but gravity has new properties that tell us that the full 
algebraic structure is expected to be diherent from that of LQFT. First, we do not expect 
it to incorporate an underlying spacetime structure; instead we might expect that, with 
quantum mechanics and Hilbert space now in a fundamental role, locality, spacetime, and 
the equivalence principle emerge from this more basic structure, in the correspondence 


limit. Second, if we do assume that general relativity gets the long-distance gauge structure 
of the theory approximately “right,” then we do not expect to have the same kind of notion 
of local commuting operators - even in the correspondence limit, the algebraic structure 
of the theory is different from that of LQFT. If, in turn, the algebra of operators is used to 
define the underlying analog of spacetime, we expect a very different fundamental structure 
to ultimately emerge. 

One focus of this paper is such preliminary exploration of the possible role of this 
algebraic structure, and to investigate the novel features, in comparison with LQFT, of 
this algebraic structure that can be inferred from the long-distance/low-energy behavior 
of gravity. If the approach of trying to hud a fundamentally quantum theory that matches 
these long-distance/low-energy properties is a viable one, these should serve as critical 
clues about, and moreover, constraints on, such a fundamental theory. 

3.1. Algebraic structure and (non)locality 

We begin with another postulate for the quantum theory of gravity: 

A There is an algebra A of “observables;” these are self-adjoint operators that act on H. 

Some comments are in order. First, we assume that the operators in this algebra 
are gauge invariant, that is they are left unchanged by local gauge symmetry or whatever 
supplants it. Second, such operators can play different roles in a theory. They can be used 
to characterize states, for example by hnding eigenvectors and eigenvalues of operators, 
which may correspond to dehnite attributes of a state. They can also be used to change 
states, for example by mapping from one state of "H to another, or if there is unitary 
evolution generated by a hamiltonian, in which such operators can serve as elementary 
“interaction” terms. 

As we have reviewed, in LQFT/Local Quantum Physics, the analogous algebra is 
further rehned by a subalgebra structure, and locality (or more generally statistical in¬ 
dependence) is encoded in the commutativity of subalgebras associated with spacelike 
separated regions. Therefore, it is clearly of great interest to identify properties of the al¬ 
gebra A relevant to a theory of quantum gravity. Of course, a simple subalgebra structure 
encoding locality in gravity is more problematic, as we have described above and will see 
further below. But nonetheless, we would like to know to what extent there is analogous 
structure, and also how the subalgebra structure of LQFT emerges in an approximation 
to that structure in the correspondence limit. 
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A lot is clearly unknown about the algebraic structure of quantum gravity, but if we 
do assume that it has a long-distance/low-energy limit that matches onto general relativity, 
or a perturbatively quantized version of it in that limit, that is an important guide to the 
more basic structure. For example, if we discover that certain operators do not commute 
even in the “held theory” limit, we expect that lack of commutativity to mirror the more 
fundamental behavior of the theory. 

As we have described, A apparently contains no operators that are local in the LQFT 
sense. Consider excitations built on a quantum state corresponding to a large, semiclassical 
spacetime, such as Minkowski space. As noted, any localized excitation is expected to have 
some energy, and thus to alter the long-distance gravitational held. For that reason, the 
full operator creating that excitation, together with its inevitable gravitational held, is not 
local. 

This can be made rather precise in the weak-held limit of gravity .i In fact, even quan¬ 
tum electrodynamics (QED) exhibits some similar behavior - though with key diherences. 
Let us begin with QED. If we have a scalar held (f) with charge q, creation of a quantum 
of this held will be accompanied by creation of its long-range electromagnetic held. There 
are many such possible held conhgurations that can be created, satisfying the Gauss’ law 
constraint. One such conhguration is created by a simple Wilson line, say running in the 
z-direction: 


$(x) = (/)(x) exp 



(3.1) 


This is gauge invariant under 




(3.2) 


This operator however fails to commute with the electric held Ez all along the line, and 
also two such operators do not always commute at spacelike separations. Another more 
symmetric dressing is obtained]^ by averaging over directions of the Wilson line, to pro¬ 
duce the Coulomb held.0 However, this makes the situation worse: while for a collection 
of operators of the form (|3.1|) we can in some cases arrange their electric strings not to 
intersect, so that the operators commute, averaging over all directions means that there 
are always contributions to commutators. 

® For a more detailed version of the following discussion, see ||^ . 

More precisely, this produces the dressing of Diraca more general dressing is relevant 
for non-static charged particles. 
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Of course, in QED, or more general non-abelian gauge theories, we can, as noted 
above, still formulate observables that are strictly localized to a region. An example is of 
the form 


T>{x, y) — (/)(x) exp 



riy) , 


(3.3) 


which only creates a non-trivial held in a neighborhood of the string connecting x and y. 
Thus, V{x,y) commutes with observables spacelike-separated from this neighborhood. Of 
course note that once created, the “electric string” along 2 ; quickly decays - the held relaxes 
to a diherent electric held[^, which for static charges would be the combined Coulomb 
helds (dipole held), and extends to inhnity. Nonetheless, this existence of localized (and 
even local) gauge invariant operators in QED is one of the key diherences with gravity. 

Such constructions can be generalized to gravity [P3| , P^ , |77| , P^ . These are most eas¬ 
ily explored in the linearized approximation. Consider, specihcally, linearization about 
Minkowski space, 

+ h^^)dx^dx'' . (3.4) 


The linearized gauge symmetry is 


x^ ^ x^ + . 


(3.5) 


One can construct an analog of the Wilson-line dressing (|3.1|) by dehning ||22|| (for a related 
construction, see [P^PB| ) 

^{x) = (j){x^^+ V^^{x)) (3.6) 

where 


V.{x) - - 


1 


dzh. 


n(i) = 


dz I h 




+ 2^4 


dz'hzzix'^,z')] ; (3.7) 


here fi denotes indices excluding 2 :. This dressing can be shown to be gauge invariant under 


( p.5|) , and creates a “gravitational string” extending to inhnity along the 2 direction. 
The operators 


have analogous properties to those for QED, ( b.l|)[P^ . They in 
general do not commute with the canonical conjugates to and thus with curvatures, 
and also they do not in general commute with each other. Like in QED, they are expected 
to create a state that decays to a “more natural” held conhguration. However, the re¬ 
sulting Coulomb-like operator will generally have nonzero commutators with another such 
operator. 
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In fact, one can average such Wilson line operators to find an analog of the Dirac 
dressing of electromagnetism; this symmetrical dressing creates a linearized version of 
the Schwarzschild solution, at spacelike separations from the point x at which the par¬ 
ticle is created, and a boosted version is expected to create a linearized version of the 
Aichelberg-Sexl solution. Properties of these operators and their extension to those for 


moving particles will be further described in 


Since all localized excitations are expected to carry energy, and gravity can’t be 
screened, there is no clear analog of the uncharged operator 0,0 and moreover, even 
scalars, such as the Ricci scalar R{x), are not invariant under (|3.5|) . This absence of any 
local or even localized operators appears to be a very important difference between the 
algebra A of gauge-invariant operators for gravity, as compared to the algebras for LQFT. 

Since locality seems quite important, at least in low-energy physics, and since we 
have seen that an approach to describing locality is through the existence of commuting 
subalgebras, let us further explore the extent to which we might hnd such commuting 
subalgebras. 

For example, if we have two operators o at the same x^ but at different . 2 , but if 
we run their Wilson lines in opposite directions along the z axis, so that they don’t meet, 
then these commute in the linearized theory. Moreover, in the linearized theory we can 
act with multiple copies of these operators, maintaining commutativity. Indeed, we could 
consider such lines terminating in spacelike separated regions, still with commutativity in 
the linearized approximation, and thus apparently build up commuting subalgebras. 

However, we do not expect this construction to hold in the non-linear theory, where 
the gravitational strings, even if “thickened,” have energy, and where a large number of 
them has a large amount of energy. Ultimately we expect commutativity to break down. 
Moreover, even in the linear theory, as we have noted, the gravitational held conhgurations 
created by operators ( p?6|) are unstable; nonlinearities are also expected to contribute to 
this. The gravitational held lines will spread out, and in the non-linear theory, cannot get 
too close. 

There is a natural conjecture about when such gravitational strings become too dense 
to commute in the full theory. Specihcally, if we consider a region of radius R, into 
which such gravitational lines enter from diherent angular directions, we expect failure of 


11 


Though, one may create a particle at one point and annihilate one at another. 
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commutativity when the energy E in the region is such that the radius is less than the 
Schwarzschild radius, R < R{E), with 

R{E) = (3.8) 


in D spacetime dimensions. This would offer further explanation of the “multi-particle 
locality bound^,^,” which states that an N-particle state fails to be well-described by 
LQFT when the greatest separation between the particles is less than the Schwarzschild 
radius corresponding to the total center-of-mass energy of the particles. 

Indeed, this is supported by a related argument. If we consider the electromagnetic 
dressing of two Coulomb-dressed charged particles separated by a radius r, the nonzero 
commutator of the two operators is of size q‘^/r. We expect the same behavior in gravity, 
with commutator of size GmM/r^~^ (again working in general dimension) for two massive 
particles with masses m and M, and this is found from the gravitational dressingp^. This 
is expected to be an important modihcation to the dynamics of the mass m particle when 
GM/r^~^ = 1. We also expect two highly-boosted particles, that source Aichelburg-Sexl 
dressings, and collide from opposite directions, to initially be described by commuting 
operators. However, once they reach the region where their separation is of size R{E), 
with E now the center of mass energy, we expect ultimate failure of commutativity. 

So, it appears that even a pair of operators of the form (^^), with gravitational strings 
run in opposite directions, do not provide true subalgebras in the nonlinear theory. If we 
act multiple times on the vacuum with a single operator (|3.6|) , we expect the commutant 
to shrink with increasing powers of the single operator .0 

Similar behavior is expected to appear for other gauge-invariant operators, such as 
the relational observables considered in |^. There, for similar reasons, we don’t expect 
to hnd precise subalgebras corresponding to some notion of “regions” of spacetime. 

So already, at the linear level, or in its extension into the nonlinear theory, we appear 
to be discovering something very important about how the algebraic structure of quantum 
gravity is quite different from that of LQFT. Specihcally, we don’t appear to necessarily 
hnd an analogous subalgebra structure to that of LQFT, corresponding to localized exci¬ 
tations in different regions of spacetime. Such a structure appears to only obviously arise 


It also appears that such commutativity is state-dependent, in the sense that two operators 
may appear to have larger commutators when the commntators are evalnated in certain states. 
That is, commutators of two operators may only be small when evaluated on certain states, e.g. 
“near” to the vacunm. 
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approximately in limits, where gravity is behaving weakly. We can attempt to characterize 
this approximate algebraic strnctnre, by introdncing a correspondence postnlate: 

C The algebra A contains operators Oi that, in the weak-held limit of low-energies/long 
distances, approximately reprodnce correlation fnnctions compnted in LQFT, e.g. 

(01 n Oi\Qi) ^ (0| lqft , (3.9) 

I I 

where the Oj are operators of LQFT. 

An important qnestion is to better characterize the fnll algebraic strnctnre, extending 
it consistently into the fnll qnantnm theory, and to nnderstand what farther rehnements 
of this strnctnre, snch as snbalgebras, exist. Another important goal is to nnderstand how 
the local algebras of LQFT emerge from it in snch a correspondence limit. 

3.2. Further structural aspects 

While the algebraic strnctnre, or approximate algebraic strnctnre, of a theory of qnan¬ 
tnm gravity is, as we have argned, very important in better nnderstanding its natnre, and 
reqnires farther stndy, we tarn to a brief discnssion of other strnctnre nsefnl in describing 
snch a theory. 

Often in physics symmetry plays an important role. The symmetries that are present 
will depend on the vacnnm on which we work, e.g. one corresponding to Minkowski space, 
anti de Sitter space, de Sitter space, or one with less symmetry. When snch a symmetry 
gronp is present, we postnlate 

Sy As described by Wigner, a symmetry is implemented by a representation np to phase 
of the symmetry gronp on Fi. 

An example of the possible role of snch symmetry will be discnssed momentarily. 
What other strnctnre is necessary for physics? Of coarse, typically, as we have em¬ 
phasized, one begins with a snbsystem strnctnre, or in LQFT, a corresponding network of 
snbalgebras. Then one can describe evolntion, e.g. throngh interaction of snbsystems. In 
some contexts this evolntion may be described by considering nnitary transformations 

U = e-^^^ (3.10) 

for certain self-adjoint operators H E A and parameter A. For example, if snbalgebras 
can be identihed, a basic interaction term may take the form H = O 1 O 2 where Oi and 
O 2 lie in commnting snbalgebras, corresponding to different degrees of freedom. Snch 
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evolution can be viewed as producing correlation between these degrees of freedom, and is 
a prototype for interaction, and measurement. But, this is far too general and we need a 
clearer understanding of how any such evolution is precisely described in the gravitational 
context. Note in particular that, of course, since the weak-gravity limit of evolution is 
expected to match that governed by the Wheeler-de Witt equation, any evolution may 
only be apparent evolution, as described through relational observables contained in A. 
So, once again, the key questions seem to return to the structure of the algebra A. 

The preceding co mm ents seem particularly pertinent in cases of closed cosmologies, 
such as de Sitter space, where identihcation of the correct relational observables seems an 
important way to make progress in describing evolution. Here we don’t have the 
“platform” of an asymptotic spatial inhnity with respect to which we can localize, and so 
statements must be made with reference to other features of the state, e.g. “the spectrum 
of scalar fluctuations looks like X at the reheating time determined by the value of the 
inflaton held.” 

On the other hand, we can also consider states which are expected to have a notion 
of spatial inhnity, such as those which correspond to asymptotically anti de Sitter or 
Minkowski boundary conditions. Here we make some comments on the latter, which also 
have extensions to the former. (Further comments on the AdS/CFT correspondence will 
also be made below.) 

Asymptotically Minkowski states 

If quantum gravity has a sector of states that can be thought of as corresponding to ge¬ 
ometries with asymptotically Minkowski boundary conditions, we expect signihcant extra 
structure in this sector that may be useful in further elucidating fundamental properties 
of the theory. Specihcally, according to postulate Sy, we expect these states to transform 
under the Poincare group. If so, states may be assigned dehnite momenta and energies. 
(We may also seek to describe these states as evolving with respect to time at inhnity.) 

There is a further subtlety here. As described above, any excitation of the ground state 
corresponding to the Minkowski vacuum is expected to modify the ehective gravitational 
held at inhnity. Far from a localized hnite energy state, this held will be small, e.g. of 
typical size GE/r^~^ at a distance r (dehned in the asymptotic metric). Note, however, 
that some care is needed in orders of limits. A large boost may be applied to such a 
state, and increases its energy and thus asymptotic held. So, there is not an action of 
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the Poincare group on asymptotically Minkowski states,except in the sense that for any 
hnite boost, one has to work at sufficiently large radius so the held remains weak. The 
limit of inhnite boost produces a strong held extending to inhnity, and in this sense an 
infrared cutoh on the theory also serves as an ultraviolet cutoh. 

Nonetheless, we might expect that the states of the theory do fall into representations 
of the Poincare group. We might also make the following assumption about the spectrum: 
Sp The spectrum of the momenta in the physical Hilbert space P, is conhned to the 
closed forward light cone, > \j^. Typically, we also assume the existence of a unique 
ground state, |0). 

In particular, matching onto the known long-distance structure of quantum physics, 
we expect that there is a subspace of single-particle states that furnishes a representation 
of the Poincare group. Moreover, we expect that the “multi-particle” states of the theory 
include states where we have two or more such single particles that are widely separated, 
so their interactions can be neglected. This identihcation of asymptotic states in terms of 
particle states is the traditional assumption needed for formulating an S-matrix description 



These asymptotic states are expected to be characterized by their momenta and other 
quantum numbers, and the S-matrix is expected to have analytic structure associated 
with appropriate infrared behavior of the theory, approximately matching onto that of 
local quantum held theory. In gravity, it is also expected to have other new features 


capturing the long-range behavior of gravity |]30| - ^ , and differing from standard LQFT. 


Systematic study of the analytic behavior of and constraints on the gravitational S-matrix 
may provide important clues to the more fundamental behavior of quantum gravity. 

3.3. Possible implications of algebraic structure 

The preceding discussion has reviewed how even in LQFT one is limited in dehning 
subsystems, since precise tensor factors can’t be dehned; we then have found that with 
gravity, departures from traditional local structures are even more profound, as anticipated 

One may define asymptotically Minkowski states as those states which are well-described by 
LQFT near infinity. 

Note that for D = A, one must still exercise care in treating massless photons and gravitons, 
and a true S-matrix does not exist. To avoid this, one may work at higher D, properly treat the 
gravitational and electromagnetic dressings described above, or formulate appropriate inclusive 
scattering probabilities. 
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in . This ultimately appears to conflict with a statement such as the equivalence prin¬ 
ciple, which assumes that a physical subsystem may be isolated from its gravitational sur¬ 
roundings, and, if small enough, behaves like a system in empty flat space. The remainder 
of this section will discuss some other possible implications of the preceding discussion. 
Unitarity of black hole evolution 

An underlying motivation of part of the preceding discussion is to understand how 
black hole evolution can be unitary; unitarity, here, can e.g. be dehned as that of the 
S-matrix describing formation and disintegration of a black hole. For black holes, LQFT 
apparently utterly fails to capture the correct dynamics, and appears to predict a massive 
violation of unitarity]^. What is apparently needed is evolution that, with respect to the 
semiclassical description of the black hole geometry, nonlocally transfers information- 


Interestingly, we have found that in gravity locality is difficult to formulate to begin 
with; this certainly provides encouragement that lack of LQFT locality is an important 
part of the story of black hole evolution. An important question is to more completely 
characterize evolution, and see how it approximately matches onto that of LQFT, to¬ 
gether with corrections sufficient to unitarize black hole formation and decay. Refs. 
considered a “harder” form of such transfer, where the new effects responsible for transfer¬ 
ring information dramatically modify the physics in the vicinity of the would-be horizon. 
Refs. [p|,|6| j37| - |4T[| instead propose a much “softer” form of effective transfer, where informa¬ 
tion is transferred from a black hole interior to its atmosphere, on scales determined by the 
black hole size, in a fashion that an infalling observer might characterize as “nonviolent.” 
In particular, such effects may be parameterized in an effective held theory framework in 
terms of “small” deviations from LQFT evolution. It would be satisfying to more closely 
connect such deviations to the fundamental obstacles to LQFT locality described in this 
paper. 

Entanglement, and comments on spacetime from entanglement 

Study of entanglement has been an courant, and it has even been proposed that space- 
time itself emerges from entanglement. It is worthwhile to reassess the role of entanglement, 
given the discussion of this paper. 

Entanglement entropy is usually dehned in hnite or locally hnite quantum systems 
which possess a subsystem structure dehned by a tensor factorization of the Hilbert space. 
Indeed, specihcation of such a subsystem structure is necessary to sharply dehne entan¬ 
glement. For examp le [^ , consider a Hilbert space spanned by the states of two qubits. 
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and consider the Bell states, = (|00) ± |ll))/\/2 and = (|01) ± |10))/\/2, within 
it. If asked whether these states are entangled, many wonld first react “yes.” Bnt, we can 
choose another basis, where these can be rewritten as |x^) = |x)l^): with x = ^ 5^5 and 
A = +, —. With respect to this snbsystem decomposition, the Bell states are nnentan- 
gled. Entanglement is defined with respect to the snbsystem structure given by a tensor 
factorization. 

Already in LQFT one encounters difficulties in quantifying entanglement by entangle¬ 
ment entropy.lIl This is directly related to the type-III property that we have described, 
and the corresponding lack of a factorization structure. Instead, one must truncate the 
theory with a cutoff, and one finds an entanglement entropy that diverges when the cutoff 
is removed. 

The situation seems even more problematic in quantum gravity, where we appear to 
be even further removed from having a sharp definition of a subsystem structure, since we 
we haven’t even yet identified a precise subalgebra structure. Thus, it seems that more 
needs to be learned about the algebras relevant to quantum gravity. If they have a natural 
subalgebra structure, and if a useful definition of entanglement can be defined relying 
only on this structure, and doesn’t require the Hilbert space to factorize (or if somehow, 
in gravity, it does), then entanglement entropy might be precisely defined and fruitfully 
explored. 

The proposal that entanglement builds up spacetimeis even more puzzling. It 
is true that in LQFT, entanglement is implied by the underlying spacetime structure - the 
vacuum and finite energy excitations of it are infinitely entangled, as we have described. 
But this is far from saying that entanglement somehow suffices to define spacetime. In¬ 
deed, we have just said that defining entanglement requires a subsystem structure, and 
in LQFT this subsystem structure (to the extent to which it is defined, with a cutoff) 
is closely associated with the topology (structure of subregions) of the preexisting under¬ 
lying manifold. In short, it would appear that subsystem structure, whether defined by 
tensor factorizations or subalgebras, comes first, and to the extent to which entanglement 
is precisely defined, it is with respect to this structure. 

Indeed, the notion of “building up” spacetime from entanglement is puzzling from 
another perspective. Another place that the spacetime structure appears in LQFT is 

Though, other entanglement measures such as relative entropy of entanglement may be well 
defined. 
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in governing the strncture of the hamiltonian. If a snbsystem structnre is dehned by 
subalgebras, then interactions between “nearby” subsystems are encoded in interaction 
terms Hi = O 1 O 2 , with Oi and O 2 elements of different subalgebras. Such interactions 
can alter entanglement between different subsystems, but it is not clear how they would 
arise from the entanglement, if that was what was responsible for dehning the spacetime 
structure! Again, spacetime structure appears more primitive than entanglement, and is 
correspondingly encoded in the hamiltonian that can govern the nature and evolution of the 
entanglement. Put differently: one may propose that an ordinary EPR pair is connected 
by a spacetime bridge. But, there is nothing in the hamiltonian of a widely-separated pair 
that encodes interactions between the partners of the pair. In this sense, they are neither 
proximal nor connected. 


4. Algebraic aspects and puzzles of AdS/CFT 

It has been proposed that AdS/CFT provides a definition of quantum gravity with 


AdS boundary conditions, though for a critical viewpoint see Let us, however, 

momentarily ignore the difficulties found in trying to reconstruct the hne-grained structure 
of the bulk theory, and ask the question, if AdS/CFT does dehne a theory of quantum 
gravity, how would it do so? 

Since the boundary theory is a LQFT, it has the kind of subalgebra structure, asso¬ 
ciated with boundary subregions, that we have described for LQFTs. However, it is not 
clear whether the LQFT subalgebra structure of the boundary CFT is related to the kind 
of algebraic structure expected for gravity in anti de Sitter space, though there have been 
conjectures about possible subregion-subregion dualityAs we have noted, when 
considering gravitationally-dressed operators in bulk physics, we haven’t yet identihed a 
natural subalgebra structure, though we expect that in the correspondence limit described 
above, in a bulk gravity theory we should be able to approximately recover subalgebras ap¬ 
propriate to describing bulk locality. An important challenge, which could be a part of the 
demonstration of how AdS/CFT works, would be to identify this approximate subalgebra 
structure in the algebra of operators of the boundary theory. Thus, this identihcation, par¬ 
ticularly for approximate subalgebras corresponding to regions small as compared to the 
AdS radius scale, could be a key part of establishing the utility of AdS/CFT for describing 
bulk physics, if it did indeed describe the detailed structure of bulk physics. 
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It has also been proposed that two copies of a conformal held theory, entangled in 
a thermoheld donble state, leads to an AdS black hole with Einstein-Rosen bridge]^. 
This proposal seems also subject to the preceding co mm ents regarding geometry from 
entanglement, and thus appears equally puzzling. 


5. Conclusions 

This paper has explored a starting point for quantum gravity grounded in quantum 
mechanics, rather than beginning with spacetime. This approach is suggested by indica¬ 
tions that the usual locality of local quantum held theory is not a fundamental property of 
gravitational theory, and by difficulties of approaches that begin with spacetime and then 
try to quantize the metric. 

If the correct framework for quantum gravity is intrinsically quantum-mechanical, an 
important question is what mathematical structure is needed beyond that of Hilbert space. 
While for hnite or locally hnite quantum systems important additional structure is supplied 
by a tensor factor structure for the Hilbert space, such a structure is problematic even in 
held theory both due to the type-HI property (inhnite entanglement), together with the 
presence of long range gauge helds. Instead, one focuses on the algebraic structure, and a 
net of subalgebras which correspond to subregions of the spacetime. Moreover, in gauge 
theory only certain restricted classes of operators dehne commuting subalgebras. 

These observations prompt exploration of a possible fundamental role for the algebra 
of observables in quantum gravity, and indicate the importance of understanding further 
rehnements of this algebraic structure. Given that a particle is inseparable from its gravi¬ 
tational held, and that gravity apparently cannot be screened, one hnds an obstacle to even 
identifying a subalgebra structure associated with regions, a subtlety going beyond that 
of gauge theory. This is readily seen if one assumes a principle of correspondence, where 
the quantum structure of gravity approximately matches onto that of quantized general 
relativity in the long-distance/low-energy limit. Even in this limit, gravitationally-dressed 
operators generally fail to commute even when describing excitations which naively are 
created in spacelike-separated regions. Thus, this further conhrms and quantihes the limi¬ 
tations of local quantum held theory that have been parameterized by locality bounds^,^. 
One does hnd that commutators can be small, in the long-distance/low-energy limit, so it 
appears possible to recover the subalgebras of local quantum held theory approximately 
in the correspondence limit. 
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This discussion appears to have important implications for attempts to hnd a quantum 
theory of gravity. There is not a clear primary role for entanglement, given the difficulty 
with dehning tensor factorizations, and it is difficult to see how spacetime itself could 
emerge from entanglement. Moreover, if one takes a quantum information perspective and 
thinks of particles as roughly corresponding to qubits, and asks the question “how big 
is a qubit?” it appears that the answer is that the qubit is arbitrarily large in the sense 
of having inhnitely extended weak held, and moreover its strong-held region grows with 
the energy of the qubit. This is a qualitative diherence with behavior of more familiar 
quantum systems. 

If quantum gravity can be formulated in such an intrinsically quantum-mechanical 
framework, it will be very important to further characterize the structure of its algebra of 
observables, and possible rehnement of that structure. Important guides in this include 
correspondence with the known long-distance/low-energy behavior of gravity. Indeed, ul¬ 
timately one might anticipate that the familiar geometric structure of spacetime emerges 
from a more basic quantum algebraic structure, dehning such a “quantum emergent ge¬ 
ometry.” 
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